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This paper formalizes a new imbedding technique and uses the technique to 
obtain the maximum genus of the complete bipartite graph Km.* . The maximum 
genus, a theorem of Duke [l], and the genus of K,,n [3] combine to determine 
all possible compact orientable 2-manifolds upon which K,,, has a Z-cell 
imbedding. 
R. Duke has shown that if a connected graph G has Z&cell imbeddings 
on compact orientable 2-manifolds of genera m and n, then for all 
k, m < k < n, G has an imbedding on a compact orientable 2-manifold 
of genus k [l]. Hence, if one displays the smallest possible such M and the 
largest possible n, he has determined all possible compact orientable 
2-manifolds upon which a given graph has a 2-cell imbedding. 
The maximum genus, ylM(G), of a connected graph G is the maximum 
genus among the genera of all compact orientable Smanifolds in whit 
G has a Zcell imbedding. In this paper we obtain the maximum genus of 
the complete bipartite graph Km,, . Thus, recalling the genus of li;,,, [3], 
all possible compact orientable 2-manifolds upon which these graphs 
have 2-cell imbeddings are determined. 
When an edge e or a vertex v of an imbedded graph is on the boundary 
of a face F, we say “e (or v) is in the face F.” The Betti number, /3(G), 
of a connected graph G is given by p(G) = E - V f 9, where E and V 
are the number of edges and vertices of G, respectively. For a real number 
X, [x] is the greatest integer smaller than or equal to X, while {XX) is the 
smallest integer larger than or equal to x. 
The determination of the maximum genus of the complete bipartite 
graph is based on the following edge-adding technique, which we extra&e 
from a proof by Nordhaus, Stewart, and White [2]. 
THEOREM (The Edge-Adding Technique). Let G be a ccmected gmp 
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and i and j denote non-adjacent vertices of G. Let T be a 2-cell imbedding 
of G which has vertex i in face Fi and vertex j in face Fj . Let G’ be the 
graph G with the edge (i, j) added. Then: 
(a) If Fi f Fj , G’ has a 2-cell imbedding with one less face than T. 
(b) If Fi = Fi , then G’ has a 2-cell imbedding with one more face than T. 
Furthermore, the directed edges [i, j] and [j, i] appear in d@erent faces of 
this imbedding for c’. 
Nordhaus, Stewart, and White [2] give the following upper bound 
theorem. 
THEOREM. An upper bound for the maximum genus of an arbitrary 
connected graph is given by y&G) < [&/3(G)]. Equality holds if and only 
if the imbedding has one or two faces, according as p(G) is even or odd, 
respectively. 
By virtue of the following lemma, we show equality holds for G = K,,, : 
LEMMA. Let G be a connected graph with an i-face 2-cell imbedding, 
where i = 1 or 2. Let S C V(G) be a non-empty set, with j S 1 = k. If i = 2, 
assume that S contains two vertices, s and t, with s in one face and t in the 
other. Let p be a vertex which is not in V(G). We de$ne the graph GI, as 
follows (where +.Z means adding the indicated edges to the graph): 
Gs = G -I Z(P, s), (s E a, 
where V(G,) = V(G) u (p}. Then G,, has a 2-cell imbedding with i faces 
when k is odd, a 2-cell imbedding with (3 - i) faces when k is even. 
ProoJ: Forj=1,2 ,..., k,let&CSwith 
1% =j and s = s,3s,-, ***3s, = (s& 
Define Gj , j = 1, 2 ,..., k by: Gj = G + Z(p, s), (s E SJ. 
Case 1. Let i = 1. Arbitrarily label the vertices of S with 1,2,..., k. 
G, obviously has a 2-cell imbedding with one face. Hence, we proceed 
inductively. 
Suppose that we have formed Gi and that Gi has a 2-cell imbedding 
with one face. We show that Gi,l has a 2-cell imbedding with two faces 
and that Gi+z has a 2-cell imbedding with one face. 
We employ the edge-adding technique when adding the undirected 
edge (p, i + 1) to Gi . Consequently, the corresponding directed edges 
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[p, i + l] and [i + 1, p] are in different faces of the resultant 2-face 
imbedding of Gi+l . Because our imbedding for Gi.kr has p in each of its 
two faces, we may use the edge adding technique to insure a 2-cell imbed- 
ding of Gi+z which has one face. Having so formed Gi+a ) the ind~ciio~ 
is complete. 
Since G1 had an imbedding with one face, the number of faces in the 
resultant imbedding for G, is as indicated in the theorem. 
Case 2. Let i = 2. Eet the vertices s and t be in the diRerent faces F 
andF’, respectively. We relabels with the label “1” and t with the label ““2,” 
arbitrarily labeling any remaining elements of 5’ with 3, 4,..., k. 
We add the edge (p, 1) to G so that the directed edges [l, p] and [p- l] 
are both in the face F, obtaining a 2-cell imbedding of G, with two faces. 
Since the vertex “2” is in face F’, we may add edge (p, 2) so that the 
resulting graph, Gz , has a one-face 2-cell imbedding. 
Ts complete the proof of the lemma, one need only substitute G, for G1 
in the argument for Case 1, recalling, however, that we began with 6, 
having a two face imbedding. 
THEOREM 1. The maximum genus of the complete bipartite graph 
Km,, is given by theformula yM(ik;-,,,) = [+(n - I>(m - I)]. 
fuoof. By the upper bound theorem, y,,&&f = 0. An induction on 
m with n fixed is then anchored. 
If Ki,% has a 2-cell imbedding with one or two faces, we determine 
a 2-cell imbedding of Ki+l,n by using the lemma with S = &‘, the part 
of K& with n vertices. Then, in the notation of the lemma, G, = JY~+~,, . 
If one carefully considers the parity of p(K,,,), he can apply the lemma 
to complete the induction, since p(&,,) = (n - l)(nj - 1). E.D. 
It should be noted that the maximum genus of the complete graph K, 
may also be determined as a corollary to the given lemma. Wowever, 
Nordhaus, Stewart, and White [2] previously obtained that result, using 
a different method. 
Recalling that, y(K,,,) = {f(m - 2)(n - 2)), [S], the theorem of 
mentioned earlier can now be applied to give the desired characterization 
theorem: 
?~IEOREIM 2. The complete bipartite graph Km,% has a 2-cel1 embedding 
on a compact orientable 2-manifold S, I of genus k, if and only z+f 
{$(m - 2)(n - 2)} < k < [Km - L)(n - I)]. 
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